PhD Preliminary Exam in Probability & Statistics,
Fall 2021

Answer all 7 questions. Each part of each question is worth 5 points. Give
numerical answers whenever possible.

The exam duration is 4 hours. The exam is closed notes. The students are
allowed to use a graphing calculator.

Normal, ¢ and x? tables are attached to the exam.

Problem 1 2 3

a b a b C d a b C
Earned
Possible 5) 5 5 5 5 5) 5 5 5
Problem 5) 6 7 Total

b c d a a b

Earned
Possible 5 5 5 5 5 5) 5 90

1. Let X, Xs,..., X, be independent random variables with PDF

1-6

Ly for0<z<l1
flx]0)=4°
0 elsewhere

with the parameter 6 > 0.

(a) Find the maximum likelihood estimator (MLE) for 6, call it 6.
Calculate the estimate numerically for n = 4 and X; = 0.10,
X5 =0.22,X3 =0.54 and X, = 0.36.

(b) Find the method of moments estimator for 8, call it §. Calculate the
estimate numerically for n = 4 and X; = 0.10, X5 = 0.22,X3 = 0.54
and X, = 0.36.



2. Consider the following joint density for random variables X and Y:

0 elsewhere

6ry for0<z<1,0<y<.z
f(fv,y)Z{ Ve

(a) Find marginal densities fy(z) and fy(y). Are X,Y independent?
(b) Find the conditional density of X given Y = y.
(¢c) Find E(X|Y =y)

)

(d) Find Var(X |Y =v)

3. Let X1, Xs,..., X, be independent random variables following Poisson
distribution with the unknown mean 6. The prior distribution for € is
Gamma(a, f) with the PDF

-1

Lla)pe 7

(a) Show that the posterior distribution of # is again a gamma distri-

bution with parameters o* = a + . X; and 8* = 1+6nﬂ

(b) What is the Bayes estimator (under the square loss) for 67

0>0,aa>0,8>0

(c) Is the Bayes estimator for 6 consistent?

4. A baseball player will go to the plate six times during a game. 20%
of the time that the player goes to the plate, he gets a walk, and thus
cannot get a hit. The other 80% of the time, the player gets an official
“at bat”. For each “at bat”, there is a 30% chance of getting a hit.

(a) Use conditioning to determine the player’s expected number of hits
per game.

(b) Use conditioning to find the probability that the player will get no
hits in a game.



5. Let Y1,Y5,....Y, be independent and identically distributed with prob-
ability density function given by

V27

2

L %, for —co<y<oo, 6>0

fly) = Y
0 elsewhere

a) Find the Cramer-Rao lower bound for an unbiased estimator of 6.

(a)

(b) Find the MLE 6 of 6.

()

(d) Find the MLE of In# and justify your answer.

Is § an unbiased estimate of 6?7 Why or why not ?

6. Let X (t) be a pure birth process with initial value X (0) = 1 and the birth
rate A, = An. Let P,(t) = P(X(¢t) = n). Find a system of differential
equations for P,(t) and show that their solution is

P,(t) =e M1 —e )"t n > 1.

7. A Markov chain is defined by a random walk on the graph pictured below.
From a given node, you are equally likely to go to any neighboring node.

(a) Specify the transition matrix and find the stationary distribution
for this Markov chain.

(b) Find the expected time it takes, when starting from A, to visit D.




Answers

1. (a) The likelihood function is

n 1 3 n
L0 X1, Xo) =[] 5)(1.1/9 L= L) = -nho+(1/6-1)> InX;
=1

i=1

Y

InL 1 & . " InX;
Oln n Zln' i Zz:ln

numerically 6~ 1.36
(b) for M.O.M., find E (X) and equate it to X.

1
2 1/0+1

b ! 1
E(X) = dr = - 1/971d :/ - 1/9d _ - _
(X) /xf(:z:) T /o TH 5T x i 2 dz 9*1/9+1 R

1 — -
Thus - =X=030 = 60=4+1-1~228
1+6 X
2. (a)
VT y? e
fX(x):/f(x,y)dy:/ Gmydyzﬁxg} =322,0<2 <1
0 y=0
1 72 1
fr(y) = /f(w,y) dr = /2 6y dy = 6@/5] =3y(1-y"), 0<y<1
Y z=y2

Since f(z,y) # fx(x)fy(y), X and Y are not independent. Alter-
natively, notice that the region boundary is y < v/z, therefore X, Y
cannot be independent.

~ flzyy)  6ry 2w
P =50y S w1 <
© -
IE[X|Y:y]:/mfxyzy(x)dm:/y2 fj; dr =

2 1 2 371 21 — 48
= /x2dx: « T :—( )
1—y4 y2 1—y4 3



(a)

(b)

VarlX|Y = y] = E[X?|Y = y] = (E[X]Y = y])%,

BLCY =)= [ favoy (o) do = [

)

L a2 %92

dr =
21—y4 v

2 /1 3y 2 a:‘T 1—98
= €T T = %k — :—7
L—y* ), -yt 4], 21—y
L-y®  [20-49]
2(1—y")

posterior o prior X likelihood

Hence, Var[X|Y =y] =

FO] X1, .., X)) oc 0 e™0/8 He—@F ox oA E Xigm e
i=1 i

1 1
which is the Gamma density with o* = a+ > X; and 5 = 3 +n,
therefore g* = B

1+np

Under the square loss, the Bayes estimate is the posterior mean
E[0| Xy, ..., X,], for the Gamma distribution above it’s

f=af" = 1+ np

—— = <~ —=lim of +lim Z *]im nf = lim Z
n—soo 1 4np 1+np n 1+np n

%

and due to the Law of Large Numbers, —p 0, therefore 0 is

consistent.
Alternatively, you can quote the theorem of consitency for MLE,
and the fact that the Bayes estimate approaches MLE as n — oo.




4. Let A be the number of at bats the player gets. This is a binomial
random variable with n=6 and p=0.8. Let H be the number of hits the
player gets. This is a binomial random variable with n = A, and p = 0.3.
Then

6
=Y E[H|A=kP(A=k).
k=0

Since E[H|A = 0] = 0, we can simplify this to
6
=Y E[H|A=kP(A=k).
k=1

Given k at bats, the expected number of hits is E[H|A = k| = 0.3k. The
probability that A = k is a binomial probability

P(A=k) = (Z) 0.8%0.26-k)

For k =0,1,2,...,6, these probabilities are 6.4 x 1075, 1.5 x 1073, 1.54 x
1072,8.192 x 1072, 0.2458,0.3932, 0.2621.

Zo:ak:( )08k026 k) — 1.440

The probability that the player gets no hits in the game is

_ iP(H — 0]A = k)P(A = k).

k=0
Zo%( )08’“ 0.26-%) — 0.1927.

Alt. solution:

We can notice that the probability of a hit on any given at bat is p =
0.8%0.3 = 0.24. Thus, the total number of hits H is Binomial with n = 6
and p = 0.24. Thus,

E(H) = np = 1.44 and P(0 hits) = (1 —0.24)° ~ 0.1927



5.

(a)

()

()

1
7.(0)

— In f(6; X)) is the Fisher infor-

CRLB states that, for an unbiased estimate 0, Var(6) >

2

where I,,(0) =nl(0) = nE (

002
mation.
We have
X? 0 1 X2
In f(0; X) = const——an—T — %lnf(Q’X) = —%4_@
0? 1 X2
— e OX) =gm -
0? 1 E (X?) 1
= 0=~ [aezlnf} R TT

because E (X?) = Var(X) + (E (X))? = 0 + 0 for the given Normal

distribution. )

- 2
Thus, Var(9) > 2

n
The likelihood function is

I X2 n S
L(0; Xq,...,X,) = e 2, = InL(f)=const—=Inf—=""o—"
(0: X1, ., Xn) 1:]1 = () >
OlnL _ Zz | X7 i X _n
w0 = Sy

A noX?
Therefore, the MLE is 6 = L
n

Unbiased: need E () = 6, this follows because

5 _ i EIXT] nf

E(4) = — 0.

n n

by MLE invariance (or equivariz}nce) property, if 6 is the MLE for
0, then for some function g, g(f) is the MLE for ¢g(#). Thus, the
nooy2

<MLEﬂH1n9emmhlnézln(Z;_LEL)
n

6. Using Forward Kolmogorov equations,

Pi(t) = Njm1 Prj1 (8) + w1 Prgan (8) — (A + ) P (1)

let ¢ =1 and j = n, then it follows

PL(t) = (n— DAPu1(t) — AP, (1) (n > 2) (1)

=1

20

X2



and P{(t) = —\P,(t) == Pi(t) = e, which also satisfies the ini-
tial condition P;(0) = 1. Plugging the given expression P, (t) = e (1 — e )"}
into (1), we need to check

[e—xt(l _ e—At)n—l]’ _ (n _ 1)/\6—)\15(1 _ e—At)n—Q _ n/\e—)\t(l _ e—)\t)n—17
which can be verified after simplification.

(a) The transition probability matrix

|]A B C D E|

0 1/3 1/3 0 1/3
/3 0 0 1/3 1/3
1/3 0 0 1/3 1/3

0 1/3 1/3 0 1/3
1/4 1/4 1/4 1/4 0

H#HOQ®E»

Let the stationary distribution 7 = |4, 7p, 7c, Tp, T8
Solve the equations 7w’ = Pwr and ) m; = 1.

Due to symmetry, 14 = g = ¢ = 7p, so let x = g and y = 7w4.
Then we get the system

{ 7TA:7TB/3+7T0/3+7TE/4 —

Ta+7mp+mc+7p+rmp=1

_ 4
r4+4y=1
The solutions are x = 4/16,y = 3/16. Then n’ = [3/16,3/16,3/16,3/16,4/16]
(b)

Let v; = E [time to visit D| X (0) = ¢]. Using the first step anal-
ysis, we get the system

’UA:1+%(UB+UC+UE)
UB:1+%(UA+UD+?JE):UC
v =1+ (vg + ve + vg)
UDZO
64 67

S 1 1 bt 1 = — = = — d [
olving, we obtain v,4 3,1}3 Vo B and vg B



